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Abstract
In this paper, we formulate an N = 2 supersymmetric extension of a hydrodynamic-type
system involving Riemann invariants. The supersymmetric version is constructed by means of
a superspace and superfield formalism, using bosonic superfields, and consists of a system of
partial differential equations involving both bosonic and fermionic variables. We make use of
group-theoretical methods in order to analyze the extended model algebraically. Specifically,
we calculate a Lie superalgebra of symmetries of our supersymmetric model and make use
of a general classification method to classify the one-dimensional subalgebras into conjugacy
classes. As a result we obtain a set of 401 one-dimensional nonequivalent subalgebras. For
selected subalgebras, we use the symmetry reduction method applied to Grassmann-valued
equations in order to determine analytic exact solutions of our supersymmetric model. These
solutions include travelling waves, bumps, kinks, double-periodic solutions and solutions
involving exponentials and radicals.
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1
1 Introduction
The concept of supersymmetry has been of considerable interest in the past three decades.
Supersymmetric theories involving both bosonic and fermionic degrees of freedom have
been used extensively in order to describe various types of physical phenomena. We now
list some of the most important examples. Progress in the analytic treatment of supersym-
metric extensions of existing models, first used in the context of particle physics, and later
in classical field theories such as fluid mechanics, has been rapid and resulted in many new
techniques and theoretical approaches [1, 2, 3]. Some of the most interesting developments
have been in the study of supersymmetric extensions for fluid dynamics, including poly-
tropic gas dynamics [4], relativistic hydrodynamics in four-dimensional Minkowski space
[5, 6], and a Kaluza-Klein model of a relativistic fluid [7]. More recently, the techniques
have been applied to sigma models. The quantum version of the CP n−1 model contains an
anomaly which prevents its integrability. However, in the N = 1 supersymmetric version
of the CP n−1 model (involving only one fermionic independent variable), this anomaly
disappears and the quantum version becomes an integrable model [8].
In the literature, there exist several ways of supersymmetrizing nonlinear models. For
instance, supersymmetric extensions of the Chaplygin gas in (1+1) and (2+1) dimensions
were formulated through parametrizations of the Nambu-goto superstring and superme-
mbrane [9, 10, 11]. The approach used in this paper involves a formalism in which the
space of independent variables is enlarged to a superspace involving both bosonic and
fermionic variables, while the dependent fields are replaced by generalized superfields. In
particular, this method was used in the case of the Korteweg-de Vries equation [12, 13]
and a version of the symmetry reduction method has been extended to the case involv-
ing Grassmann-valued partial differential equations in order to determine its invariant
solutions [14].
It is well known [15, 16, 17, 18] that there exists a connection between the Lie point
symmetries of the one-component Schro¨dinger equation for a spinless particle and those of
hydrodynamic systems at the classical level. The Lie algebra of infinitesimal symmetries
of the one-component Schro¨dinger equation in d dimensions (denoted Sch4+d(d+3)/2) is
2
spanned by the following vector fields
H = ∂t, P
i = ∂xi , L
ij = 1
2
(
xi∂xj − x
j∂xi
)
, M = ∂u
Gi = t∂xi + x
i∂u, D = t∂t +
1
2
d∑
i=1
xi∂xi , F =
1
2
t2∂t +
1
2
d∑
i=1
txi∂xi +
1
4
x2∂u.
(1)
It was demonstrated [19, 20] that a dynamical system whose conservation laws are the
same as for a Schro¨dinger free particle must have a Lagrangian density of the form
L =
[
−
(
ut +
1
2
d∑
i=1
(∂iu)
2
)]1+d/2
. (2)
If we introduce the vector v such that vi = ∂iu and the density function ρ = −∂L/∂ut,
then the potential u can be eliminated from the equations of motion, which become
vt + (v · ∇)v +
1
ρ
∇P = 0, ρt +∇ · (ρv) = 0, (3)
and are identified as the equations of fluid dynamics describing the potential isentropic
flow of a gas, where the (polytropic) pressure is P (ρ) = Aρ1+d/2, A ∈ R. This system can
be easily solved using the method of characteristics leading to the non-scattering double
waves
u = k1/2(r1 − r2) + u0, ρ = Ae
r1+r2, p = kAer
1+r2 + p0, u0, p0, k, A ∈ R, (4)
which reduces (3) to the following invariant hydrodynamic system
r1t +
(
k1/2(r1 − r2 + 1) + u0
)
r1x = 0, r
2
t +
(
k1/2(r1 − r2 − 1) + u0
)
r2x = 0. (5)
The asymptotic behavior of initial localized disturbances (i.e. initial data with compact
support) corresponding to the waves described in (4) was studied by Riemann [21]. It
was demonstrated that after some finite time T , these waves could be separated again
in such a way that waves of the same type as those assumed in the initial data could
be observed. After a certain finite time T the first derivatives of the solution become
unbounded so that, for times t > T , smooth solutions to the Cauchy problem do not
exist. This phenomenon is known as the gradient catastrophe [22, 23]. Invariant solutions
of the Schro¨dinger equation display similar behavior [24].
As a subcase of the hydrodynamic model (3), we consider the equations of a steady,
irrotational and compressible fluid flow in a plane [25]
uy − vx = 0, (ρu)x + (ρv)y = 0, (6)
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where (u, v) are the Cartesian components of the fluid velocity expressed in terms of a
velocity potential ϕ (where u = ϕx, v = ϕy), and the density ρ is assumed to be a function
of u and v only. Different choices of function for the density lead to different hydrodynamic
models. Two of the most important such choices are a Gaussian, irrotational, compressible
fluid flow (
1− (ϕx)
2
)
ϕxx − 2ϕxϕyϕxy +
(
1− (ϕy)
2
)
ϕyy = 0, (7)
in which case the density is given by the state equation
ρ = e−u
2−v2 , (8)
and the minimal surfaces equation in (2 + 1)-dimensional Minkowski space(
ϕx
(1 + (ϕx)2 + (ϕy)2)1/2
)
x
+
(
ϕy
(1 + (ϕx)2 + (ϕy)2)1/2
)
y
= 0, (9)
corresponding to the state equation
ρ = (1 + u2 + v2)−1/2. (10)
Through the use of the Wick rotation y = it, equation (9) can be connected to the scalar
Born-Infeld equation
(
1 + (ϕx)
2
)
ϕtt − 2ϕxϕtϕxt −
(
1− (ϕt)
2
)
ϕxx = 0. (11)
The Born-Infeld equation (11) is compatible with the following hydrodynamic type system
expressed in terms of Riemann invariants [9]
Rt + SRx = 0, St +RSx = 0, (12)
via the transformation
R = −
(1 + (ϕx)
2 − (ϕt)2)1/2
1 + (ϕx)2
−
ϕxϕt
1 + (ϕx)2
,
S =
(1 + (ϕx)
2 − (ϕt)2)1/2
1 + (ϕx)2
−
ϕxϕt
1 + (ϕx)2
.
(13)
Finally, the system for the Chaplygin gas
Ut =
1
2
(
U2 − V −2
)
x
, Vt = (UV )x , (14)
expressed as a conservation law, can be linked to the system (12) in Riemann invariants
through the relations
R = U +
1
V
, S = U −
1
V
. (15)
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For both the scalar Born-Infeld equation (11) and the Gaussian fluid flow (7), N = 1 super-
symmetric generalizations were formulated through the use of a superspace and superfield
formalism [26, 27]. A group-theoretical analysis of a supersymmetric hydrodynamic-type
system allows us to characterize a Lie superalgebra of infinitesimal symmetries of the
extended system and perform a systematic classification of its subalgebras. The method
of symmetry reduction for Grassmann-valued equations allows us to determine exact an-
alytic solutions of our generalized supersymmetric model. In a previous article [28], we
constructed an N = 1 extension of the hydrodynamic type system (12) through the use
of a fermionic superfield. Since comparatively little is known concerning such exten-
sions, we propose to construct an N = 2 supersymmetric extension of the system (12) in
which the superfield is bosonic. This is motivated by the fact that supersymmetric ver-
sions of the Schro¨dinger equation have recently been considered [29]. The question arises
as the whether a link could be determined between the supersymmetric versions of the
Schro¨dinger and hydrodynamic equations and their subalgebras which is similar to the
link established for the classical versions of the Schro¨dinger and hydrodynamic systems.
In this paper, we concentrate on the first step: building a supersymmetric extension of
the hydrodynamic system (12) using a bosonic superfield and determining its symmetry
properties. This cannot be done in a non-trivial way by including only one fermionic
independent variable (N = 1), so we will extend the space of independent variables to a
superspace involving two fermionic independent variable (N = 2). In addition, we provide
a number of interesting exact, analytic solutions of our extended system. These include
polynomial, radical and exponential solutions, bumps, kinks and multisolitons as well as
solutions expressed in terms of quadratures.
This paper is organized as follows. In Section 2, we construct an N = 2 supersym-
metric extension of the system (12) through the use of a bosonic superfield involving two
independent fermionic variables. Section 3 involves a computation of a Lie superalge-
bra of infinitesimal symmetries of our extended hydrodynamic system. In Section 4, we
perform a number of symmetry reductions and present nine invariant solutions of the su-
persymmetric hydrodynamic model. Finally, Section 5 contains concluding remarks and
a description of possible future developments. In Appendix A we present the full list of
401 one-dimensional Lie subalgebras associated with the supersymmetric system.
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2 N = 2 supersymmetric version of the system in Riemann in-
variants
In order to construct an N = 2 supersymmetric extension of the hydrodynamic type sys-
tem (12), we enlarge the space of independent variables {x, t} to a superspace {x, t, θ, ϕ}.
Here, x and t are the standard bosonic space and time variables for (1 + 1)-dimensional
space, while θ and ϕ are independent fermionic Grassmann variables. In addition, we
replace the two bosonic fields R(x, t) and S(x, t) by the bosonic superfields
A(x, t, θ, ϕ) = U(x, t) + θη(x, t) + ϕpi(x, t) + θϕR(x, t), (16)
and
B(x, t, θ, ϕ) = V (x, t) + θψ(x, t) + ϕω(x, t) + θϕS(x, t), (17)
where η(x, t), ψ(x, t), pi(x, t) and ω(x, t) are four new fermionic-valued fields, and U(x, t)
and V (x, t) are two additional bosonic fields. We construct our generalization in such a
way that it is invariant under the supersymmetry transformations
x→ x+ αθ, θ → θ − α, (18)
and
t→ t + βϕ, ϕ→ ϕ− β, (19)
where α and β are constant fermionic parameters. The transformations (18) and (19) are
generated by the infinitesimal supersymmetry generators
Qx = θ∂x − ∂θ and Qt = ϕ∂t − ∂ϕ, (20)
respectively, where ∂x = ∂/∂x, etc. In order to make our superfield theory manifestly
invariant under the action of Qx and Qt, it is useful to introduce the covariant derivatives
Dx = θ∂x + ∂θ and Dt = ϕ∂t + ∂ϕ, (21)
which possess the property that they anticommute with the operators Qx and Qt, i.e.
{Qx, Dx} = {Qx, Dt} = {Qt, Dx} = {Qt, Dt} = 0. (22)
The most general form of a supersymmetric extension of system (12), expressed in terms
of superfields A and B and covariant derivatives Dx and Dt, is written in the form
D2tA+ a1B
(
D3xDtA
)
+ a2 (DxB)
(
D2xDtA
)
+ a3 (DtB)
(
D3xA
)
+ (a2 − a1 − a3 − 1) (DxDtB)
(
D2xA
)
= 0,
(23)
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D2tB + a4A
(
D3xDtB
)
+ a5 (DxA)
(
D2xDtB
)
+ a6 (DtA)
(
D3xB
)
+ (a5 − a4 − a6 − 1) (DxDtA)
(
D2xB
)
= 0,
(24)
where ai, i = 1, . . . , 6 are arbitrary real constant parameters. The supersymmetric system
formed by equations (23) and (24) can be decomposed into the following eight differential
equations corresponding to the coefficients of the various powers of θ and ϕ
Rt + SRx + (a1 − a2)ψηxt + (a1 − a2 + 1)ψtηx + (a1 + a3)ωpixx
+ (a1 + a3 + 1)ωxpix + a1V Uxxt + a2VxUxt − a3VtUxx
+ (a2 − a1 − a3 − 1)UxVxt = 0,
St +RSx + (a4 − a5)ηψxt + (a4 − a5 + 1)ηtψx + (a4 + a6)piωxx
+ (a4 + a6 + 1)pixωx + a4UVxxt + a5UxVxt − a6UtVxx
+ (a5 − a4 − a6 − 1)VxUxt = 0,
ηt + (a2 − a1)ψRx + a1V pixx + a2Vxpix + (a1 − a2 + 1)Sηx
− a3ωUxx + (a2 − a1 − a3 − 1)Uxωx = 0,
ψt + (a5 − a4)ηSx + a4Uωxx + a5Uxωx + (a4 − a5 + 1)Rψx
− a6piVxx + (a5 − a4 − a6 − 1)Vxpix = 0,
pit − (a1 + a3)ωRx − a1V ηxt + a3Vtηx + (a1 + a3 + 1)Spix
− a2ψUxt + (a1 − a2 + a3 + 1)ψtUx = 0,
ωt − (a4 + a6)piSx − a4Uψxt + a6Utψx + (a4 + a6 + 1)Rωx
− a5ηVxt + (a4 − a5 + a6 + 1)ηtVx = 0,
Ut − a1V Rx + a2ψpix + a3ωηx + (a1 − a2 + a3 + 1)SUx = 0,
Vt − a4USx + a5ηωx + a6piψx + (a4 − a5 + a6 + 1)RVx = 0.
(25)
In this paper, we consider the case where the real constant parameters vanish (i.e. ai = 0,
i = 1, . . . 6). Here, the supersymmetric hydrodynamic system described by equations (23)
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and (24) becomes
D2tA− (DxDtB)
(
D2xA
)
= 0, D2tB − (DxDtA)
(
D2xB
)
= 0, (26)
and the system (25) takes the form
Rt + SRx + ψtηx + ωxpix − UxVxt = 0, St +RSx + ηtψx + pixωx − VxUxt = 0,
ηt + Sηx − Uxωx = 0, ψt +Rψx − Vxpix = 0, pit + Spix + ψtUx = 0,
ωt +Rωx + ηtVx = 0, Ut + SUx = 0, Vt +RVx = 0.
(27)
It should be noted that the system (27) is invariant under the discrete transformation
R ↔ S, η ↔ ψ, pi ↔ ω, U ↔ V . In what follows, we will refer to the system (27) as
the N = 2 supersymmetric extension of the system (12) in Riemann invariants. In the
limiting case where the four fermionic fields η, ψ, pi, ω and the two additional bosonic
fields U and V tend to zero, we recover the classical version of the hydrodynamic system
(12).
3 Symmetries of the supersymmetric hydrodynamic model
3.1 Lie point symmetries
Using the techniques described in [30] adapted to Grassmann-valued differential equations,
we determine a Lie superalgebra L of infinitesimal symmetries of the supersymmetric
system (27). This superalgebra is generated by the following twelve fiber-preserving vector
fields
P0 = ∂t, P1 = ∂x, T1 = ∂U , T2 = ∂V , Z1 = ∂η, Z2 = ∂ψ,
Z3 = ∂pi, Z4 = ∂ω, M1 = x∂x +R∂R + S∂S + 2ψ∂ψ + 3ω∂ω − U∂U + 4V ∂V ,
M2 = t∂t − R∂R − S∂S − ψ∂ψ − 2ω∂ω + U∂U − 2V ∂V ,
M3 = η∂η − ψ∂ψ + U∂U − V ∂V , M4 = pi∂pi − ω∂ω + U∂U − V ∂V .
(28)
The physical interpretation of this Lie superalgebra as it applies to the coordinates
(x, t, R, S, η, ψ, pi, ω, U, V ) is as follows. The vector fields P0, P1, T1, T2, Z1, Z2, Z3 and
Z4 generate translations in x, t, U , V , η, ψ, pi and ω respectively, while M1, M2, M3
and M4 correspond to four independent dilations involving the independent and depen-
dent (bosonic and fermionic) variables. The supercommutation relations of the generators
described in (28) are summarized in Table 1.
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Table 1: Supercommutation table for the Lie superalgebra L spanned by the vector fields (28)
M1 M2 M3 M4 P0 P1 T1 T2 Z1 Z2 Z3 Z4
M1 0 0 0 0 0 −P1 T1 −4T2 0 −2Z2 0 −3Z4
M2 0 0 0 0 −P0 0 −T1 2T2 0 Z2 0 2Z4
M3 0 0 0 0 0 0 −T1 T2 −Z1 Z2 0 0
M4 0 0 0 0 0 0 −T1 T2 0 0 −Z3 Z4
P0 0 P0 0 0 0 0 0 0 0 0 0 0
P1 P1 0 0 0 0 0 0 0 0 0 0 0
T1 −T1 T1 T1 T1 0 0 0 0 0 0 0 0
T2 4T2 −2T2 −T2 −T2 0 0 0 0 0 0 0 0
Z1 0 0 Z1 0 0 0 0 0 0 0 0 0
Z2 2Z2 −Z2 −Z2 0 0 0 0 0 0 0 0 0
Z3 0 0 0 Z3 0 0 0 0 0 0 0 0
Z4 3Z4 −2Z4 0 −Z4 0 0 0 0 0 0 0 0
3.2 Subalgebras of the Lie superalgebra
We now wish to classify the one-dimensional subalgebras of the superalgebra L. That is,
we want to construct a list of representative subalgebras of L such that each subalgebra of
L is conjugate to one and only one element of the list under the Baker-Campbell-Hausdorff
equivalence conjugation relation
X → eYXe−Y = X + [Y,X ] +
1
2!
[Y, [Y,X ]] +
1
3!
[Y, [Y, [Y,X ]]] + . . . (29)
The classification methods do not readily lend themselves to computerization and there-
fore require a great deal of tedious, very involved computation. The full list of one-
dimensional subalgebras of the superalgebra L is quite voluminous (a total of 401 subal-
gebras), and so we provide only a brief discussion in this section. Complete details of this
list are provided in Appendix A.
In order to perform the classification, we first decompose L into the following composite
semidirect sum
L =
{{{{{{{
M(0) +⊃ {P0}
}
+⊃ {P1}
}
+⊃ {T1}
}
+⊃ {T2}
}
+⊃ {Z1}
}
+⊃ {Z2}
}
+⊃ {Z3}
}
+⊃ {Z4},
(30)
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where we introduce the notation M(0) = {M1,M2,M3,M4}. The one-dimensional sub-
algebras of L are classified using techniques for semidirect sums of algebras as described
in [31]. In general, the representative subalgebras of a semidirect sum F +⊃ N of two
Lie algebras F and N can be categorized as splitting subalgebras (which can be written
in the form F0 +⊃ N0 where F0 ⊂ F and N0 ⊂ N ) and nonsplitting subalgebras (all
representative subalgebras which are not conjugate to a splitting one).
For each step of the form M +⊃ P in the composite semidirect sum, we calculate the
splitting and nonsplitting subalgebras. We obtain subalgebras of the form
{b1M1+ b2M2+ b3M3+ b4M4+ c1P0+ c2P1+ c3T1+ c4T2+αZ1+βZ2+γZ3+ δZ4}, (31)
where b1, b2, b3 and b4 are real bosonic constants, c1, c2, c3 and c4 generally represent the
values 1, −1 or 0, while α, β, γ and δ are fermionic constants. Not all arbitrary values
of the parameters will result in separate classes of subalgebras since the subalgebras
corresponding to many distinct combinations of parameters can be linked through the
action of the Lie group generated by L.
4 Invariant Solutions
Since the list of one-dimensional subalgebra classes of the Lie superalgebra L is so vast,
we will not attempt to make a comprehensive analysis of all symmetry reductions and
group-invariant solutions of the supersymmetric hydrodynamic system (27). Instead, we
select subalgebras from the list and use the symmetry reduction method in order to obtain
certain interesting examples of solutions of (27) which are invariant with respect to each
respective subalgebra. Specifically, we choose
L4 = {M1} (where a = b = c = 0), L5 = {P0},
L7 = {M3 + εP0} (where a = 0), L10 = {M4 + εP1},
L13 = {M4 + εP0 + µP1}, L15 = {P0 + εP1},
L68 = {P0 + εP1 + µT1 + αZ1}, L149 = {P0 + εP1 + αZ3}.
(32)
For each of the subalgebras mentioned in (32), we begin by finding the nine invariants
associated to the subalgebras along with the corresponding change of variable. The sym-
metry variable is labelled with the symbol ξ. Next, by substituting the change of variable
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and its derivatives into the original system (27), we obtain a system of reduced ordinary
differential equations. These results are listed in Tables 2 and 3.
Table 2: Invariants and change of variable for selected subalgebras of the Lie superalgebra L
spanned by the vector fields (28)
Subalgebra Invariants Relations and Change of Variable
L4 = {M1} ξ =
1
t ,
1
xR,
1
xS, η, R = xF (ξ), S = xG(ξ), η = η(ξ),
1
x2
ψ, pi, 1
x3
ω, xU , 1
x4
V ψ = x2Ψ(ξ), pi = pi(ξ), ω = x3Ω(ξ),
U = 1xY(ξ), V = x
4Z(ξ)
L5 = {P0} x, R, S, η, ψ, R = R(x), S = S(x), η = η(x),
pi, ω, U , V ψ = ψ(x), pi = pi(x), ω = ω(x),
U = U(x), V = V (x)
L7 = {M3 + εP0} x, R, S, e
−εtη, R = R(x), S = S(x), η = eεtH(x),
eεtψ, pi, ω, e−εtU , eεtV ψ = e−εtΨ(x), pi = pi(x), ω = ω(x),
U = eεtY(x), V = e−εtZ(x)
L10 = {M4 + εP1} t, R, S, η, R = R(t), S = S(t), η = η(t),
ψ, e−εxpi, eεxω, e−εxU , eεxV ψ = ψ(t), pi = eεxP(t), ω = e−εxΩ(ξ),
U = eεxY(t), V = e−εxZ(t)
L13 = {M4 + εP0 + µP1} ξ = x− εµt, R, S, η, R = R(ξ), S = S(ξ), η = η(ξ),
ψ, e−εtpi, eεtω, e−εtU , eεtV ψ = ψ(ξ), pi = eεtP(ξ), ω = e−εtΩ(ξ),
U = eεtY(ξ), V = e−εtZ(ξ)
L15 = {P0 + εP1} ξ = x− εt, R, S, η, R = R(ξ), S = S(ξ), η = η(ξ),
ψ, pi, ω, U , V ψ = ψ(ξ), pi = pi(ξ), ω = ω(ξ),
U = U(ξ), V = V (ξ)
L68 = {P0 + εP1 + µT1 + αZ1} ξ = x− εt, R, S, η − αt, R = R(ξ), S = S(ξ), η = H(ξ) + αt,
ψ, pi, ω, U − µt, V ψ = ψ(ξ), pi = pi(ξ), ω = ω(ξ),
U = Y(ξ) + µt, V = V (ξ)
L149 = {P0 + εP1 + αZ3} ξ = x− εt, R, S, η, R = R(ξ), S = S(ξ), η = η(ξ),
ψ, pi − αt, ω, U , V ψ = ψ(ξ), pi = P(ξ) + αt, ω = ω(ξ),
U = U(ξ), V = V (ξ)
From certain specific solutions of the reduced system, we use the change of variable
in reverse in order to obtain an invariant solution of the supersymmetric hydrodynamic
system (27). In what follows, U0, V0, n, k, A, B, C1 and C2 represent arbitrary bosonic
constants, while η0, pi0, ω0, D1, D2, D3, E1, E2, F1 and F2 represent arbitrary fermionic
constants.
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Table 3: Reduced Equations obtained for selected subalgebras of the Lie superalgebra L spanned
by the vector fields (28)
Subalgebra Reduced Equations
L4 = {M1} −ξ
2Fξ + FG− 4ξ
2YZξ = 0, −ξ
2Gξ + FG− 2ξ
2HξΨ− 4ξ
2ZYξ = 0,
−ξ2Hξ + 3YΩ = 0, −ξ
2Ψξ + 2FΨ = 0, −ξ
2Pξ + ξ
2YΨξ = 0,
−ξ2Ωξ + 3FΩ − 4ξ
2ZHξ = 0, −ξ
2Yξ −GY = 0,
−ξ2Zξ + 4FZ = 0
L5 = {P0} SRx + ωxpix = 0, RSx + pixωx = 0, Sηx − Uxωx = 0,
Rψx − Vxpix = 0, Spix = 0, Rωx = 0, SUx = 0, RVx = 0
L7 = {M3 + εP0} SRx − εΨHx + ωxpix + εYxZx = 0,
RSx + εHΨx + pixωx − εYxZx = 0,
εH + SHx − Yxωx = 0, −εΨ+RΨx −Zxpix = 0,
Spix − εYxΨ = 0, Rωx + εHZx = 0,
εY + SYx = 0, −εZ +RZx = 0
L10 = {M4 + εP1} Rt − ΩP + YZt = 0, St − PΩ+ ZYt = 0,
ηt + YΩ = 0, ψt + ZP = 0,
Pt + εSP + εYψt = 0, Ωt − εRΩ− εZηt = 0,
Yt + εSY = 0, Zt − εRZ = 0
L13 = {M4 + εP0 + µP1} (S − εµ)Rξ − εµψξηξ +ΩξPξ + εYξZξ + εµYξZξξ = 0,
(R− εµ)Sξ − εµηξψξ + PξΩξ − εYξZξ + εµZξYξξ = 0,
(S − εµ)ηξ − YξΩξ = 0, (R− εµ)ψξ −ZξPξ = 0,
(S − εµ)Pξ + εP − εµYξψξ = 0, (R − εµ)Ωξ − εΩ− εµηξZξ = 0,
(S − εµ)Yξ + εY = 0, (R− εµ)Zξ − εZ = 0
L15 = {P0 + εP1} (S − ε)Rξ − εψξηξ + ωξpiξ + εUξVξξ = 0,
(R− ε)Sξ − εηξψξ + piξωξ + εVξUξξ = 0,
(S − ε)ηξ − Uξωξ = 0, (R− ε)ψξ − Vξpiξ = 0,
(S − ε)piξ − εUξψξ = 0, (R− ε)ωξ − εηξVξ = 0,
(S − ε)Uξ = 0, (R− ε)Vξ = 0
L68 = {P0 + εP1 + µT1 + αZ1} (S − ε)Rξ − εψξHξ + ωξpiξ + εYξVξξ = 0,
(R − ε)Sξ + αψξ − εHξψξ + piξωξ + εVξYξξ = 0,
(S − ε)Hξ + α− Yξωξ = 0, (R− ε)ψξ − Vξpiξ = 0,
(S − ε)piξ − εYξψξ = 0, (R− ε)ωξ + αVξ − εHξVξ = 0,
(S − ε)Yξ + µ = 0, (R − ε)Vξ = 0
L149 = {P0 + εP1 + αZ3} (S − ε)Rξ − εψξηξ + ωξPξ + εUξVξξ = 0,
(R− ε)Sξ − εηξψξ + Pξωξ + εVξUξξ = 0,
(S − ε)ηξ − Uξωξ = 0, (R− ε)ψξ − VξPξ = 0,
α+ (S − ε)Pξ − εUξψξ = 0, (R− ε)ωξ − εηξVξ = 0,
(S − ε)Uξ = 0, (R− ε)Vξ = 0
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We begin by considering subalgebra L4, where we obtain the following solution
R = −
kx
1 + C1kekt
, S =
C1k
2xekt
1 + C1kekt
, η = D2,
ψ = D3x
2 exp
∫
−2kdξ
ξ2(1 + C1kek/ξ)
∣∣∣∣
ξ=1/t
, pi = D1,
ω = D4x
3 exp
∫
−3kdξ
ξ2(1 + C1kek/ξ)
∣∣∣∣
ξ=1/t
, U = 0,
V = C2x
4 exp
∫
−4kdξ
ξ2(1 + C1kek/ξ)
∣∣∣∣
ξ=1/t
.
(33)
Here, the classical bosonic fields R and S are kink solutions, while the fermionic fields ψ
and ω and the bosonic field V are expressed in terms of quadratures.
An invariant solution corresponding to subalgebra L5 is
R = D1E1Ax
n, S = D2E2Bx
−n, η = E2f2(x), ψ = E1f1(x),
pi = 2D2E2F2Bx
1/2, ω = 2D1E1F1Ax
1/2, U = U0, V = V0,
(34)
where F1F2 = −n, and f1 and f2 are arbitrary bosonic functions of x. This is a static
solution, where r, S, pi and ω are expressed in terms of radicals, while η and ψ are
fermionic solutions of arbitrary shape. Certain special functions, such as bumps, kinks
and multiple waves can be used to model static physical phenomena.
For subalgebra L7, an invariant solution is represented by
R = εx, S = −εx, η = D1xe
εt, ψ = D2xe
−εt,
pi = pi0, ω = −C1D1x+D3, U = 0, V = C1xe
−εt,
(35)
where D1D2 = ε, which is exponential in t, but linear in x.
Next, we have the following two exponential solutions involving travelling waves.
Subalgebra L10 leads to the solution
R = ε, S = ε, η =
ε
C1
D2e
−εC1C2t, ψ = −
ε
C2
D1e
εC1C2t,
pi = D1e
εx−(1−εC1C2)t, ω = D2e
−εx+(1−εC1C2)t, U = C2e
εx−t,
V = C1e
t−εx,
(36)
where D1D2 = −C1C2. Here, the fields η and ψ vary exponentially in time, while the
fields pi, ω, U and V take the form of plane waves.
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For subalgebra L13, we obtain the solution
R = εµ, S = −εµ, η = η0, ψ = −2µD3e
1
2
(εt−µx) +D1,
pi = D2e
1
2
(µx+εt) + 1
2
C1D3e
εt, ω = 0, U = C1e
1
2
(µx+εt), V = 0,
(37)
which behaves similarly to the solution given in (36), and represents plane waves.
In the case of subalgebra L15, we obtain the following two solutions:
R = ε, S = ε, η = D1f1(x− εt), ψ = D1f2(x− εt),
pi = D3f3(x− εt), ω = D3f4(x− εt), U = D1D3g1(x− εt),
V = D1D3g2(x− εt),
(38)
where f1, f2, f3, f4, g1 and g2 are arbitrary bosonic functions of x− εt, and
R = ε, S = −ε, η = η0, ψ = ψ(x− εt),
pi = pi0, ω = ω(x− εt), U = U0, V = V (x− εt),
(39)
Solutions (38) and (39) consist of travelling waves of arbitrary shape for both the bosonic
and fermionic component fields. Bumps, kinks and doubly periodic solutions can be given
a physical interpretation.
A solution invariant under subalgebra L68 can be written as
R = ε, S = −ε, η = −1
4
µαg(x− εt) + 1
2
εα(x+ εt) +D2,
ψ = αf(x− εt), pi = −1
4
εµαf(x− εt) +D1, ω = αg(x− εt),
U = 1
2
εµ(x+ εt), V = V0,
(40)
where f and g are arbitrary bosonic functions of x− εt. This represents a combination of
two travelling waves of arbitrary shape, including a superposition for the fermionic field
η.
Finally, for subalgebra L149, we obtain the solution
R = ε, S = ε, η = αg(x− εt), ψ = εα
∫
dξ
fξ
∣∣∣∣
ξ=x−εt
+D1,
pi = P(x− εt) + αt, ω = ω0, U = f(x− εt), V = V0,
(41)
where f and g are arbitrary bosonic functions of x − εt, and P is an arbitrary fermionic
function of x− εt. For certain specific functions f (for instance, f(ξ) = ξ2), the fermionic
function ψ admits the gradient catastrophe.
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5 Conclusion
In this paper we have shown how to formulate an N = 2 supersymmetric extension
of a hydrodynamic-type system in Riemann invariants in terms of bosonic superfields.
A Lie superalgebra of infinitesimal symmetry generators of this extended system was
found, consisting of translations and scaling transformations in both the bosonic and
fermionic variables. In contrast with the N = 1 case, more scaling transformations are
present, while no boost-type generator was found. A systematic classification in terms
of conjugacy classes was performed for the one-dimensional subalgebras, resulting in a
list of 401 nonequivalent classes of subalgebras. It is interesting and significant to note
that the classification is much more extensive for the N = 2 supersymmetric extension
than for its N = 1 counterpart [28]. Consequently, a complete symmetry reduction
analysis of our supersymmetric hydrodynamic system would lead to very large classes of
invariant solutions. We illustrate this directly through several examples of new explicit
solutions in closed form involving both bosonic and fermonic fields. These solutions
include travelling waves, bumps, kinks, double-periodic solutions and solutions involving
polynomials, exponentials and radicals. We have also demonstrated an example where the
gradient catastrophe occurs for the supersymmetric version. In the classical case, bumps
can be interpreted physically as nucleation centres, kinks as domain walls and nonsingular
periodic solutions as elementary excitations [32, 33]. The question arises as to whether a
similar physical interpretation can be made for the N = 2 supersymmetric model.
The Lie symmetry algebra of the classical hydrodynamic system (12) shares in common
with its classical Schro¨dinger counterpart time and space translations together with a
Galilean-type boost and a dilation in time and space [28, 29]. The classical hydrodynamic
algebra also contains a second dilation involving the fields and an inverse boost, while
the classical Schro¨dinger algebra contains a phase shift and a special conformal-type
transformation. The phase shift is not present for the classical system (12) since the fields
R and S appear explicitly in the equations.
The (12-dimensional) Lie superalgebra of the extended N = 2 hydrodynamic system
(27) and the (9-dimensional) superalgebra of the N = 2 super-Schro¨dinger model both
contain translations in space and time plus an additional bosonic translation, a dila-
tion and four fermionic translations (see Proposition 3.1 in [29]). Also included in the
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supersymmetric hydrodynamic system’s superalgebra is yet another bosonic translation
and three additional dilations involving bosonic and fermionic variables, while the super-
Schro¨dinger superalgebra contains a supplementary boost-type transformation. The La-
grangian is known for the N = 2 super-Schro¨dinger model [29] and one may inquire as
to the nature of the Lagrangian formalism for the N = 2 supersymmetric hydrodynamic
model. Such an analysis may allow us to interpret the connection between the two sys-
tems and acquire a better understanding of the physical relevance of the supersymmetric
hydrodynamic model in Riemann invariants.
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Appendix A: Subalgebras of the Lie superalgebra of the extended
hydrodynamics system
In the following discussion, we describe the classification of the Lie superalgebra described
in Section 3. The symbols ε, µ, and ν represent either 1 or −1, the parameters a, b and
c are nonzero real (bosonic) constants, while the quantities α, β, γ and δ are fermionic
constants. The superalgebra L can be written in the composite semidirect sum given by
(30). In order to construct the list of representative one-dimensional subalgebras of L,
we begin by considering the subalgebras of the algebra M(0) = {M1,M2,M3,M4}. This
algebra was classified by J. Patera and P. Winternitz as part of their general classification
of real three- and four-dimensional Lie algebras [34]. The list of representative subalgebras
is
L1 = {M4}, L2 = {M3 + aM4}, L3 = {M2 + aM3 + bM4},
L4 = {M1 + aM2 + bM3 + cM4}.
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We then proceed to determine the subalgebra classification of each successive composite
semidirect sum in (30) using the procedure for semidirect sums of Lie algebras described in
[31]. This allows us to determine the subalgebra classification for each step and ultimately
for the entire subalgebra L, which to our knowledge has not been classified before.
For the algebra M(1) = M(0) +⊃ {P0}, the splitting one-dimensional subalgebras consist
of all the subalgebras determined above for M(0) (i.e. L1, L2, L3 and L4) together with
the subalgebra
L5 = {P0},
and the nonsplitting one-dimensional subalgebras are
L6 = {M4 + εP0}, L7 = {M3 + aM4 + εP0}, L8 = {M1 + aM3 + bM4 + εP0}.
For the algebra M(2) =M(1) +⊃ {P1}, the additional one-dimensional subalgebras are
L9 = {P1}, L10 = {M4 + εP1}, L11 = {M3 + aM4 + εP1},
L12 = {M2 + aM3 + bM4 + εP1}, L13 = {M4 + εP0 + µP1},
L14 = {M3 + aM4 + εP0 + µP1}, L15 = {P0 + εP1}.
For the algebra M(3) =M(2) +⊃ {T1}, the additional one-dimensional subalgebras are
L16 = {T1}, L17 = {M3 −M4 + εT1}, L18 = {M2 + aM3 + bM4 + εT1} (where 1 + a+ b = 0),
L19 = {M1 + aM2 + bM3 + cM4 + εT1} (where − 1 + a+ b+ c = 0), L20 = {P0 + εT1},
L21 = {M3 −M4 + εP0 + µT1}, L22 = {M1 + aM3 + bM4 + εP0 + µT1} (where − 1 + a+ b = 0),
L23 = {P1 + εT1}, L24 = {M3 −M4 + εP1 + µT1},
L25 = {M2 + aM3 + bM4 + εP1 + µT1} (where 1 + a + b = 0),
L26 = {M3 −M4 + εP0 + µP1 + νT1}, L27 = {P0 + εP1 + µT1}.
For the algebra M(4) =M(3) +⊃ {T2}, the additional subalgebras are
L28 = {T2}, L29 = {M3 −M4 + εT2}, L30 = {M2 + aM3 + bM4 + εT2} (where 2 + a+ b = 0),
L31 = {M1 + aM2 + bM3 + cM4 + εT2} (where − 4 + 2a+ b+ c = 0), L32 = {P0 + εT2},
L33 = {M3 −M4 + εP0 + µT2}, L34 = {M1 + aM3 + bM4 + εP0 + µT2} (where 4− a− b = 0),
L35 = {P1 + εT2}, L36 = {M3 −M4 + εP1 + µT2},
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L37 = {M2 + aM3 + bM4 + εP1 + µT2} (where 2 + a + b = 0), L38 = {M3 −M4 + εP0 + µP1 + νT2},
L39 = {P0 + εP1 + µT2}, L40 = {T1 + εT2}, L41 = {M3 −M4 + εT1 + µT2},
L42 = {M1 + 3M2 + bM3 + cM4 + εT1 + µT2} (where 2 + b+ c = 0), L43 = {P0 + εT1 + µT2},
L44 = {M3 −M4 + εP0 + µT1 + νT2}, L45 = {P1 + εT1 + µT2},
L46 = {M3 −M4 + εP1 + µT1 + νT2}, L47 = {M3 −M4 + εP0 + µP1 + νT1 + kT2} (where k 6= 0),
L48 = {P0 + εP1 + µT1 + kT2} (where k 6= 0).
For the superalgebra M(5) =M(4) +⊃ {Z1}, the additional subalgebras are
L49 = {Z1}, L50 = {M4 + αZ1}, L51 = {M2 + aM4 + αZ1},
L52 = {M1 + aM2 + bM4 + αZ1}, L53 = {P0 + αZ1}, L54 = {M4 + εP0 + αZ1},
L55 = {M1 + aM4 + εP0 + αZ1}, L56 = {P1 + αZ1}, L57 = {M4 + εP1 + αZ1},
L58 = {M2 + aM4 + εP1 + αZ1}, L59 = {M4 + εP0 + µP1 + αZ1}, L60 = {P0 + εP1 + αZ1},
L61 = {T1 + αZ1}, L62 = {M2 −M4 + εT1 + αZ1},
L63 = {M1 + aM2 + bM4 + εT1 + αZ1} (where − 1 + a+ b = 0), L64 = {P0 + εT1 + αZ1},
L65 = {M1 +M4 + εP0 + µT1 + αZ1}, L66 = {P1 + εT1 + αZ1},
L67 = {M2 −M4 + εP1 + µT1 + αZ1}, L68 = {P0 + εP1 + µT1 + αZ1}, L69 = {T2 + αZ1},
L70 = {M2 − 2M4 + εT2 + αZ1}, L71 = {M1 + aM2 + cM4 + εT2 + αZ1} (where − 4 + 2a+ c = 0),
L72 = {P0 + εT2 + αZ1}, L73 = {M1 + 4M4 + εP0 + µT2 + αZ1}, L74 = {P1 + εT2 + αZ1},
L75 = {M2 − 2M4 + εP1 + µT2 + αZ1}, L76 = {P0 + εP1 + µT2 + αZ1},
L77 = {T1 + εT2 + αZ1}, L78 = {M1 + 3M2 − 2M4 + εT1 + µT2 + αZ1},
L79 = {P0 + εT1 + µT2 + αZ1}, L80 = {P1 + εT1 + µT2 + αZ1},
L81 = {P0 + εP1 + µT1 + kT2 + αZ1} (where k 6= 0).
For the superalgebra M(6) =M(5) +⊃ {Z2}, the additional subalgebras are
L82 = {Z2}, L83 = {M4 + αZ2}, L84 = {M2 −M3 + bM4 + αZ2},
L85 = {M1 + aM2 + bM3 + cM4 + αZ2} (where 2− a− b = 0), L86 = {P0 + αZ2},
L87 = {M4 + εP0 + αZ2}, L88 = {M1 + 2M3 + bM4 + εP0 + αZ2}, L89 = {P1 + αZ2},
L90 = {M4 + εP1 + αZ2}, L91 = {M2 −M3 + bM4 + εP1 + αZ2},
L92 = {M4 + εP0 + µP1 + αZ2}, L93 = {P0 + εP1 + αZ2}, L94 = {T1 + αZ2},
L95 = {M2 −M3 + εT1 + αZ2}, L96 = {M1 + aM2 + bM3 −M4 + εT1 + αZ2} (where 2− a− b = 0),
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L97 = {P0 + εT1 + αZ2}, L98 = {M1 + 2M3 −M4 + εP0 + µT1 + αZ2},
L99 = {P1 + εT1 + αZ2}, L100 = {M2 −M3 + εP1 + µT1 + αZ2},
L101 = {P0 + εP1 + µT1 + αZ2}, L102 = {T2 + αZ2}, L103 = {M2 −M3 −M4 + εT2 + αZ2},
L104 = {M1 + aM2 + bM3 + bM4 + εT2 + αZ2} (where 2− a− b = 0), L105 = {P0 + εT2 + αZ2},
L106 = {M1 + 2M3 + 2M4 + εP0 + µT2 + αZ2}, L107 = {P1 + εT2 + αZ2},
L108 = {M2 −M3 −M4 + εP1 + µT2 + αZ2}, L109 = {P0 + εP1 + µT2 + αZ2},
L110 = {T1 + εT2 + αZ2}, L111 = {M1 + 3M2 −M3 −M4 + εT1 + µT2 + αZ2},
L112 = {P0 + εT1 + µT2 + αZ2}, L113 = {P1 + εT1 + µT2 + αZ2},
L114 = {P0 + εP1 + µT1 + kT2 + αZ2} (where k 6= 0), L115 = {Z1 + kZ2} (where k 6= 0),
L116 = {M4 + αZ1 + βZ2}, L117 = {M1 + 2M2 + bM4 + αZ1 + βZ2},
L118 = {P0 + αZ1 + βZ2}, L119 = {M4 + εP0 + αZ1 + βZ2}, L120 = {P1 + αZ1 + βZ2},
L121 = {M4 + εP1 + αZ1 + βZ2}, L122 = {M4 + εP0 + µP1 + αZ1 + βZ2},
L123 = {P0 + εP1 + αZ1 + βZ2}, L124 = {T1 + αZ1 + βZ2},
L125 = {M1 + 2M2 −M4 + εT1 + αZ1 + βZ2}, L126 = {P0 + εT1 + αZ1 + βZ2},
L127 = {P1 + εT1 + αZ1 + βZ2}, L128 = {P0 + εP1 + µT1 + αZ1 + βZ2},
L129 = {T2 + αZ1 + βZ2}, L130 = {M1 + 2M2 + εT2 + αZ1 + βZ2},
L131 = {P0 + εT2 + αZ1 + βZ2}, L132 = {P1 + εT2 + αZ1 + βZ2},
L133 = {P0 + εP1 + µT2 + αZ1 + βZ2}, L134 = {T1 + εT2 + αZ1 + βZ2},
L135 = {P0 + εT1 + µT2 + αZ1 + βZ2}, L136 = {P1 + εT1 + µT2 + αZ1 + βZ2},
L137 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ2} (where k 6= 0).
For the superalgebra M(7) =M(6) +⊃ {Z3}, the additional subalgebras are
L138 = {Z3}, L139 = {M3 + αZ3}, L140 = {M2 + aM3 + αZ3},
L141 = {M1 + aM2 + bM3 + αZ3}, L142 = {P0 + αZ3}, L143 = {M3 + εP0 + αZ3},
L144 = {M1 + aM3 + εP0 + αZ3}, L145 = {P1 + αZ3}, L146 = {M3 + εP1 + αZ3},
L147 = {M2 + aM3 + εP1 + αZ3}, L148 = {M3 + εP0 + µP1 + αZ3},
L149 = {P0 + εP1 + αZ3}, L150 = {T1 + αZ3}, L151 = {M2 −M3 + εT1 + αZ3},
L152 = {M1 + aM2 + bM3 + εT1 + αZ3} (where − 1 + a + b = 0), L153 = {P0 + εT1 + αZ3},
L154 = {M1 +M3 + εP0 + µT1 + αZ3}, L155 = {P1 + εT1 + αZ3},
L156 = {M2 −M3 + εP1 + µT1 + αZ3}, L157 = {P0 + εP1 + µT1 + αZ3}, L158 = {T2 + αZ3},
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L159 = {M2 − 2M3 + εT2 + αZ3}, L160 = {M1 + aM2 + bM3 + εT2 + αZ3} (where − 4 + 2a+ b = 0),
L161 = {P0 + εT2 + αZ3}, L162 = {M1 + 4M3 + εP0 + µT2 + αZ3}, L163 = {P1 + εT2 + αZ3},
L164 = {M2 − 2M3 + εP1 + µT2 + αZ3}, L165 = {P0 + εP1 + µT2 + αZ3},
L166 = {T1 + εT2 + αZ3}, L167 = {M1 + 3M2 − 2M3 + εT1 + µT2 + αZ3},
L168 = {P0 + εT1 + µT2 + αZ3}, L169 = {P1 + εT1 + µT2 + αZ3},
L170 = {P0 + εP1 + µT1 + kT2 + αZ3} (where k 6= 0), L171 = {Z1 + kZ3} (where k 6= 0),
L172 = {M2 + αZ1 + βZ3}, L173 = {M1 + aM2 + αZ1 + βZ3}, L174 = {P0 + αZ1 + βZ3},
L175 = {M1 + εP0 + αZ1 + βZ3}, L176 = {P1 + αZ1 + βZ3},
L177 = {M2 + εP1 + αZ1 + βZ3}, L178 = {P0 + εP1 + αZ1 + βZ3},
L179 = {T1 + αZ1 + βZ3}, L180 = {M1 +M2 + εT1 + αZ1 + βZ3},
L181 = {P0 + εT1 + αZ1 + βZ3}, L182 = {P1 + εT1 + αZ1 + βZ3},
L183 = {P0 + εP1 + µT1 + αZ1 + βZ3}, L184 = {T2 + αZ1 + βZ3},
L185 = {M1 + 2M2 + εT2 + αZ1 + βZ3}, L186 = {P0 + εT2 + αZ1 + βZ3},
L187 = {P1 + εT2 + αZ1 + βZ3}, L188 = {P0 + εP1 + µT2 + αZ1 + βZ3},
L189 = {T1 + εT2 + αZ1 + βZ3}, L190 = {P0 + εT1 + µT2 + αZ1 + βZ3},
L191 = {P1 + εT1 + µT2 + αZ1 + βZ3}, L192 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ3} (where k 6= 0),
L193 = {Z2 + kZ3} (where k 6= 0), L194 = {M2 −M3 + αZ2 + βZ3},
L195 = {M1 + aM2 + bM3 + αZ2 + βZ3} (where 2− a− b = 0), L196 = {P0 + αZ2 + βZ3},
L197 = {M1 + 2M3 + εP0 + αZ2 + βZ3}, L198 = {P1 + αZ2 + βZ3},
L199 = {M2 −M3 + εP1 + αZ2 + βZ3}, L200 = {P0 + εP1 + αZ2 + βZ3},
L201 = {T1 + αZ2 + βZ3}, L202 = {M2 −M3 + εT1 + αZ2 + βZ3},
L203 = {P0 + εT1 + αZ2 + βZ3}, L204 = {P1 + εT1 + αZ2 + βZ3},
L205 = {M2 −M3 + εP1 + µT1 + αZ2 + βZ3}, L206 = {P0 + εP1 + µT1 + αZ2 + βZ3},
L207 = {T2 + αZ2 + βZ3}, L208 = {M1 + 2M2 + εT2 + αZ2 + βZ3},
L209 = {P0 + εT2 + αZ2 + βZ3}, L210 = {P1 + εT2 + αZ2 + βZ3},
L211 = {P0 + εP1 + µT2 + αZ2 + βZ3}, L212 = {T1 + εT2 + αZ2 + βZ3},
L213 = {P0 + εT1 + µT2 + αZ2 + βZ3}, L214 = {P1 + εT1 + µT2 + αZ2 + βZ3},
L215 = {P0 + εP1 + µT1 + kT2 + αZ2 + βZ3} (where k 6= 0), L216 = {Z1 + kZ2 + lZ3} (where k, l 6= 0),
L217 = {M1 + 2M2 + αZ1 + βZ2 + γZ3}, L218 = {P0 + αZ1 + βZ2 + γZ3},
20
L219 = {P1 + αZ1 + βZ2 + γZ3}, L220 = {P0 + εP1 + αZ1 + βZ2 + γZ3},
L221 = {T1 + αZ1 + βZ2 + γZ3}, L222 = {P0 + εT1 + αZ1 + βZ2 + γZ3},
L223 = {P1 + εT1 + αZ1 + βZ2 + γZ3}, L224 = {P0 + εP1 + µT1 + αZ1 + βZ2 + γZ3},
L225 = {T2 + αZ1 + βZ2 + γZ3}, L226 = {M1 + 2M2 + εT2 + αZ1 + βZ2 + γZ3},
L227 = {P0 + εT2 + αZ1 + βZ2 + γZ3}, L228 = {P1 + εT2 + αZ1 + βZ2 + γZ3},
L229 = {P0 + εP1 + µT2 + αZ1 + βZ2 + γZ3}, L230 = {T1 + εT2 + αZ1 + βZ2 + γZ3},
L231 = {P0 + εT1 + µT2 + αZ1 + βZ2 + γZ3}, L232 = {P1 + εT1 + µT2 + αZ1 + βZ2 + γZ3},
L233 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ2 + γZ3} (where k 6= 0).
For the full superalgebra L =M(8) =M(7) +⊃ {Z4}, the additional subalgebras are
L234 = {Z4}, L235 = {M3 + αZ4}, L236 = {M2 + aM3 − 2M4 + αZ4},
L237 = {M1 + aM2 + bM3 + cM4 + αZ4} (where 3− 2a− c = 0), L238 = {P0 + αZ4},
L239 = {M3 + εP0 + αZ4}, L240 = {M1 + aM3 + 3M4 + εP0 + αZ4}, L241 = {P1 + αZ4},
L242 = {M3 + εP1 + αZ4}, L243 = {M2 + aM3 − 2M4 + εP1 + αZ4},
L244 = {M3 + εP0 + µP1 + αZ4}, L245 = {P0 + εP1 + αZ4}, L246 = {T1 + αZ4},
L247 = {M2 +M3 − 2M4 + εT1 + αZ4},
L248 = {M1 + aM2 + (a− 2)M3 + (3− 2a)M4 + εT1 + αZ4}, L249 = {P0 + εT1 + αZ4},
L250 = {M1 − 2M3 + 3M4 + εP0 + µT1 + αZ4}, L251 = {P1 + εT1 + αZ4},
L252 = {M2 +M3 − 2M4 + εP1 + µT1 + αZ4}, L253 = {P0 + εP1 + µT1 + αZ4},
L254 = {T2 + αZ4}, L255 = {M2 − 2M4 + εT2 + αZ4},
L256 = {M1 + aM2 +M3 + (3− 2a)M4 + εT2 + αZ4}, L257 = {P0 + εT2 + αZ4},
L258 = {M1 +M3 + 3M4 + εP0 + µT2 + αZ4}, L259 = {P1 + εT2 + αZ4},
L260 = {M2 − 2M4 + εP1 + µT2 + αZ4}, L261 = {P0 + εP1 + µT2 + αZ4},
L262 = {T1 + εT2 + αZ4}, L263 = {M1 + 3M2 +M3 − 3M4 + εT1 + µT2 + αZ4},
L264 = {P0 + εT1 + µT2 + αZ4}, L265 = {P1 + εT1 + µT2 + αZ4},
L266 = {P0 + εP1 + µT1 + kT2 + αZ4} (where k 6= 0), L267 = {Z1 + kZ4} (where k 6= 0),
L268 = {M2 − 2M4 + αZ1 + βZ4}, L269 = {M1 + aM2 + bM4 + αZ1 + βZ4} (where 3− 2a− b = 0),
L270 = {P0 + αZ1 + βZ4}, L271 = {M1 + 3M4 + εP0 + αZ1 + βZ4},
L272 = {P1 + αZ1 + βZ4}, L273 = {M2 − 2M4 + εP1 + αZ1 + βZ4},
L274 = {P0 + εP1 + αZ1 + βZ4}, L275 = {T1 + αZ1 + βZ4},
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L276 = {M1 + 2M2 −M4 + εT1 + αZ1 + βZ4}, L277 = {P0 + εT1 + αZ1 + βZ4},
L278 = {P1 + εT1 + αZ1 + βZ4}, L279 = {P0 + εP1 + µT1 + αZ1 + βZ4},
L280 = {T2 + αZ1 + βZ4}, L281 = {M2 − 2M4 + εT2 + αZ1 + βZ4},
L282 = {P0 + εT2 + αZ1 + βZ4}, L283 = {P1 + εT2 + αZ1 + βZ4},
L284 = {M2 − 2M4 + εP1 + µT2 + αZ1 + βZ4}, L285 = {P0 + εP1 + µT2 + αZ1 + βZ4},
L286 = {T1 + εT2 + αZ1 + βZ4}, L287 = {P0 + εT1 + µT2 + αZ1 + βZ4},
L288 = {P1 + εT1 + µT2 + αZ1 + βZ4},
L289 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ4} (where k 6= 0), L290 = {Z2 + kZ4} (where k 6= 0),
L291 = {M1 + aM2 + (2− a)M3 + (3− 2a)M4 + αZ2 + βZ4}, L292 = {P0 + αZ2 + βZ4},
L293 = {M1 + 2M3 + 3M4 + εP0 + αZ2 + βZ4}, L294 = {P1 + αZ2 + βZ4},
L295 = {M2 −M3 − 2M4 + εP1 + αZ2 + βZ4}, L296 = {P0 + εP1 + αZ2 + βZ4},
L297 = {T1 + αZ2 + βZ4}, L298 = {M1 + 2M2 −M4 + εT1 + αZ2 + βZ4},
L299 = {P0 + εT1 + αZ2 + βZ4}, L300 = {P1 + εT1 + αZ2 + βZ4},
L301 = {P0 + εP1 + µT1 + αZ2 + βZ4}, L302 = {T2 + αZ2 + βZ4},
L303 = {M1 +M2 +M3 +M4 + εT2 + αZ2 + βZ4}, L304 = {P0 + εT2 + αZ2 + βZ4},
L305 = {P1 + εT2 + αZ2 + βZ4}, L306 = {P0 + εP1 + µT2 + αZ2 + βZ4},
L307 = {T1 + εT2 + αZ2 + βZ4}, L308 = {P0 + εT1 + µT2 + αZ2 + βZ4},
L309 = {P1 + εT1 + µT2 + αZ2 + βZ4},
L310 = {P0 + εP1 + µT1 + kT2 + αZ2 + βZ4} (where k 6= 0), L311 = {Z1 + kZ2 + lZ4} (where k, l 6= 0),
L312 = {M1 + 2M2 −M4 + αZ1 + βZ2 + γZ4}, L313 = {P0 + αZ1 + βZ2 + γZ4},
L314 = {P1 + αZ1 + βZ2 + γZ4}, L315 = {P0 + εP1 + αZ1 + βZ2 + γZ4},
L316 = {T1 + αZ1 + βZ2 + γZ4}, L317 = {M1 + 2M2 −M4 + αZ1 + βZ2 + γZ4},
L318 = {P0 + εT1 + αZ1 + βZ2 + γZ4}, L319 = {P1 + εT1 + αZ1 + βZ2 + γZ4},
L320 = {P0 + εP1 + µT1 + αZ1 + βZ2 + γZ4}, L321 = {T2 + αZ1 + βZ2 + γZ4},
L322 = {P0 + εT2 + αZ1 + βZ2 + γZ4}, L323 = {P1 + εT2 + αZ1 + βZ2 + γZ4},
L324 = {P0 + εP1 + µT2 + αZ1 + βZ2 + γZ4}, L325 = {T1 + εT2 + αZ1 + βZ2 + γZ4},
L326 = {P0 + εT1 + µT2 + αZ1 + βZ2 + γZ4}, L327 = {P1 + εT1 + µT2 + αZ1 + βZ2 + γZ4},
L328 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ2 + γZ4} (where k 6= 0), L329 = {Z3 + kZ4} (where k 6= 0),
L330 = {M3 + αZ3 + βZ4}, L331 = {M1 +
3
2
M2 + bM3 + αZ3 + βZ4},
L332 = {P0 + αZ3 + βZ4}, L333 = {M3 + εP0 + αZ3 + βZ4}, L334 = {P1 + αZ3 + βZ4},
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L335 = {M3 + εP1 + αZ3 + βZ4}, L336 = {M3 + εP0 + µP1 + αZ3 + βZ4},
L337 = {P0 + εP1 + αZ3 + βZ4}, L338 = {T1 + αZ3 + βZ4},
L339 = {M1 +
3
2
M2 −
1
2
M3 + εT1 + αZ3 + βZ4}, L340 = {P0 + εT1 + αZ3 + βZ4},
L341 = {P1 + εT1 + αZ3 + βZ4}, L342 = {P0 + εP1 + µT1 + αZ3 + βZ4},
L343 = {T2 + αZ3 + βZ4}, L344 = {M1 +
3
2
M2 +M3 + εT2 + αZ3 + βZ4},
L345 = {P0 + εT2 + αZ3 + βZ4}, L346 = {P1 + εT2 + αZ3 + βZ4},
L347 = {P0 + εP1 + µT2 + αZ3 + βZ4}, L348 = {T1 + εT2 + αZ3 + βZ4},
L349 = {P0 + εT1 + µT2 + αZ3 + βZ4}, L350 = {P1 + εT1 + µT2 + αZ3 + βZ4},
L351 = {P0 + εP1 + µT1 + kT2 + αZ3 + βZ4} (where k 6= 0), L352 = {Z1 + kZ3 + lZ4} (where k, l 6= 0),
L353 = {M1 +
3
2
M2 + αZ1 + βZ3 + γZ4}, L354 = {P0 + αZ1 + βZ3 + γZ4},
L355 = {P1 + αZ1 + βZ3 + γZ4}, L356 = {P0 + εP1 + αZ1 + βZ3 + γZ4},
L357 = {T1 + αZ1 + βZ3 + γZ4}, L358 = {P0 + εT1 + αZ1 + βZ3 + γZ4},
L359 = {P1 + εT1 + αZ1 + βZ3 + γZ4}, L360 = {P0 + εP1 + µT1 + αZ1 + βZ3 + γZ4},
L361 = {T2 + αZ1 + βZ3 + γZ4}, L362 = {P0 + εT2 + αZ1 + βZ3 + γZ4},
L363 = {P1 + εT2 + αZ1 + βZ3 + γZ4}, L364 = {P0 + εP1 + µT2 + αZ1 + βZ3 + γZ4},
L365 = {T1 + εT2 + αZ1 + βZ3 + γZ4}, L366 = {P0 + εT1 + µT2 + αZ1 + βZ3 + γZ4},
L367 = {P1 + εT1 + µT2 + αZ1 + βZ3 + γZ4},
L368 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ3 + γZ4} (where k 6= 0),
L369 = {Z2 + kZ3 + lZ4} (where k, l 6= 0), L370 = {M1 +
3
2
M2 +
1
2
M3 + αZ2 + βZ3 + γZ4},
L371 = {P0 + αZ2 + βZ3 + γZ4}, L372 = {P1 + αZ2 + βZ3 + γZ4},
L373 = {P0 + εP1 + αZ2 + βZ3 + γZ4}, L374 = {T1 + αZ2 + βZ3 + γZ4},
L375 = {P0 + εT1 + αZ2 + βZ3 + γZ4}, L376 = {P1 + εT1 + αZ2 + βZ3 + γZ4},
L377 = {P0 + εP1 + µT1 + αZ2 + βZ3 + γZ4}, L378 = {T2 + αZ2 + βZ3 + γZ4},
L379 = {P0 + εT2 + αZ2 + βZ3 + γZ4}, L380 = {P1 + εT2 + αZ2 + βZ3 + γZ4},
L381 = {P0 + εP1 + µT2 + αZ2 + βZ3 + γZ4}, L382 = {T1 + εT2 + αZ2 + βZ3 + γZ4},
L383 = {P0 + εT1 + µT2 + αZ2 + βZ3 + γZ4}, L384 = {P1 + εT1 + µT2 + αZ2 + βZ3 + γZ4},
L385 = {P0 + εP1 + µT1 + kT2 + αZ2 + βZ3 + γZ4} (where k 6= 0),
L386 = {Z1 + kZ2 + lZ3 +mZ4} (where k, l,m 6= 0), L387 = {P0 + αZ1 + βZ2 + γZ3 + δZ4},
L388 = {P1 + αZ1 + βZ2 + γZ3 + δZ4}, L389 = {P0 + εP1 + αZ1 + βZ2 + γZ3 + δZ4},
L390 = {T1 + αZ1 + βZ2 + γZ3 + δZ4},
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L391 = {P0 + εT1 + αZ1 + βZ2 + γZ3 + δZ4}, L392 = {P1 + εT1 + αZ1 + βZ2 + γZ3 + δZ4},
L393 = {P0 + εP1 + µT1 + αZ1 + βZ2 + γZ3 + δZ4}, L394 = {T2 + αZ1 + βZ2 + γZ3 + δZ4},
L395 = {P0 + εT2 + αZ1 + βZ2 + γZ3 + δZ4}, L396 = {P1 + εT2 + αZ1 + βZ2 + γZ3 + δZ4},
L397 = {P0 + εP1 + µT2 + αZ1 + βZ2 + γZ3 + δZ4},
L398 = {T1 + εT2 + αZ1 + βZ2 + γZ3 + δZ4},
L399 = {P0 + εT1 + µT2 + αZ1 + βZ2 + γZ3 + δZ4},
L400 = {P1 + εT1 + µT2 + αZ1 + βZ2 + γZ3 + δZ4},
L401 = {P0 + εP1 + µT1 + kT2 + αZ1 + βZ2 + γZ3 + δZ4} (where k 6= 0).
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